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The flow field generated by a foil during transient motions is investigated by means of numerical
experiments. The numerical simulations have some advantages with respect to laboratory experiments.
Indeed, having access to the velocity and pressure fields both in space and in time, it is possible to
’measure’ quantities like vorticity, forces and torques which are quite difficult to obtain in laboratory.
Moreover, data can be easily gained for different foil kinematics. The obtained results show that the time
history of the propulsive force strongly depends on the details of the kinematics of the foil. Moreover,
the numerical simulations have allowed to understand the main mechanisms employed by fish to propel
themselves during fast starts and to identify the values of the parameters providing optimal propulsive
performances.

© 2008 Elsevier Masson SAS. All rights reserved.
1. Introduction

In the last decades a new research field has been initiated,
named ‘bionics’, which includes the study of the principles of flap-
ping fin propulsion. An analysis of the performances of fish show
that fish possess some hydrodynamic properties which are supe-
rior to those of actual underwater vehicles propelled by rotating
thrusters. Therefore, the dynamics of flapping fins is currently in-
vestigated to exploit their use on small water vehicles for oper-
ations in different extreme conditions. The interest in propulsive
flapping fin devices is also justified by the observation that propul-
sive systems with flapping foils (i) combine the function of propul-
sor, control device and stabilizer thus providing a high maneuver-
ability, (ii) possess a sufficiently high efficiency, (iii) have relatively
low aerodynamic drag in the ‘switched-off’ position, (iv) are rela-
tively low-frequency systems and, hence, generate less mechanical
problems, (v) can operate efficiently in different regimes of motion.

The fin/foil motions can be classified into two broad categories
on the basis of the their temporal features: (a) periodic (steady)
motions, characterized by a cyclic repetition of the propulsive
movements; (b) transient (unsteady) motions. Periodic motions are
employed to propel a vehicle for relatively large distances at a
more or less constant speed, while transient motions include those
required for manoeuvres like starts, stops, turns, . . . .

A large number of the available investigations are devoted to
the study of the steady motions. Using two-dimensional numerical
simulations [11,12,14,15] studied the dynamics of oscillating foils
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and identified the values of the parameters giving rise to optimal
propulsive performances. In the two-dimensional approximation,
only the cross-stream component of the vorticity is taken into ac-
count. Therefore, the propulsive efficiency is overestimated due to
the underestimation of the wake energy loss. However, the first
three-dimensional simulations of [4] and [7] seem to support the
main finding of the two-dimensional approaches at least when the
span of the foil is large enough.

On the other hand, there are relatively few studies of the un-
steady motions of flapping fins. Attention has been mainly focused
on manoeuvring fish and flow visualization studies have shown
the important role of the shedding and control of vorticity by the
moving fins in the generation of the propulsive force. Indeed, ma-
noeuvring by fish usually involves the coordinate use of median,
paired and caudal fins as well as the use of body bending which
generate a complex vorticity field.

Even though the whole body of the fish contributes to pro-
vide the acceleration which is necessary during rapid manoeuvres,
an essential role in the manoeuvres is played by the fish tail. By
analyzing the kinematics of the tail, described a.o. by [5,16] and
reproduced by [6], it can be argued that during fast starts the tail
bends sideways to an angle α and simultaneously starts to move
in the transverse direction. After having reached the maximum lat-
eral displacement, an opposite rotation is performed and the tail
starts a new movement in the transverse direction returning to its
original position.

Ahlborn et al. [2] proposed a simple model to simulate the
kinematics of the tail of a fish which performs a fast start. In-
deed, the tail is supposed to be approximated by a plate which
rotates around its leading edge up to a maximum value αmax
and then returns to its original position. In their laboratory ex-
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periments, they determined the dynamics of the vortex structures
shed by the rotating plate by means of flow visualizations and
measured the propulsive force. Moreover, they proposed a vortex
production-destruction model which suggests a quantitative differ-
ence in the thrust production of the initial sideways flip and of
the return stroke. Although kinematically identical, according to
[2], the first flip would essentially set up a vortex and thereby ex-
ert a sideways reaction force onto the fish while the return stroke
would essentially stop the rotational motion of the vortex and pro-
duce forward thrust. Measurements of the thrust and the impulse
produced by the tail model reveal distinctive phases of motion
relevant to the fast-start: (i) a negative precursor, (ii) an impulse-
generating phase in which the sideways flow is deflected towards
the rear, (iii) a maximum thrust phase where the direction of mo-
mentum is inverted. Phases (i) and (iii) produce an active wake
with vortices that turn in the opposite sense to the von Karman
street vortices in the wake of a dragged object.

In the present work fast starts, which can be seen as a proto-
type of rapid manoeuvres, are investigated by means of numeri-
cal simulations. Even though three-dimensional flow data start to
be collected in laboratory by means of the PIV measuring tech-
nique [13], and the projections of the flow onto different planes
allow a reconstruction of the three-dimensional flow, numerical
experiments have some advantages with respect to laboratory ex-
periments. Indeed, having access to the velocity and pressure fields
both in space and in time, it is possible to ‘measure’ quantities like
vorticity, strain, dissipation etc., which are quite difficult to obtain
in laboratory. Moreover, also the forces acting on the foil can be
easily computed.

As in Ahlborn et al. [2], the flow is supposed to be two-
dimensional and the problem is written in the vorticity-stream
function formulation. Readers familiar with aerodynamics wing
theory will recognize that a two-dimensional approach overesti-
mates efficiency because it takes into account only the energy of
cross-stream wake vorticity (at right angle to the direction of mo-
tion) although in reality trailing vorticity (parallel to the direction
of motion) might also be present. However, a two-dimensional ap-
proach can provide useful information on the dynamics of the large
scale vortical structures shed by the foil and on the forces acting
on it [15]. Moreover, it is known that three-dimensional effects be-
come negligible when the ratio between the span and the chord
of the oscillating foil is larger than four [8]. This fact has been re-
cently confirmed by the three-dimensional numerical simulations
of the flow generated by a foil of finite span made by Blondeaux et
al. [4] and Dong et al. [7]. Indeed the vorticity field computed by
[4] in the middle plane of a three dimensional foil, characterized
by a span equal to three times the chord, is practically coincident
with that provided by a two-dimensional approach (see 8 and 9
of [4]). Moreover, [7] have shown that the propulsive efficiency of
a foil of aspect-ratio 4 is very close to that of a two-dimensional
foil (Figs. 22 and 23 of [7]).

The equations are solved by means of a numerical approach
which employs finite difference approximations and spectral meth-
ods. Different kinematics of the fish tail are simulated and different
indicators of the efficiency of the manoeuvres are evaluated.

2. Formulation of the problem

We consider a two-dimensional foil which mimics a fish tail
during a transient motion. In the reference frame (x∗, y∗) mov-
ing with the forward velocity U∗

0(t∗) of the foil, the kinematics of
the foil, which oscillates in the transverse direction and simultane-
ously rotates, can be described by providing the vertical coordinate
h∗

0(t
∗) of the point O around which the foil pitches and the an-

gle α(t∗) (positive in the clockwise direction) which the foil chord
forms with the x∗-axis which is supposed to be aligned with the
Fig. 1. Inertial reference frame (x∗, y∗) moving with the forward velocity U ∗
0 and

reference frame (X∗, Y ∗) moving with the foil.

velocity U∗
0(t∗) (see Fig. 1). The distance of the point O from the

center of the chord of the foil is denoted with d∗ . The functions
describing the kinematics of the tail along with the other parame-
ters of the problem are given later on, while discussing the results.
The governing equations, which describe the fluid motion induced
by the movements of the foil and provide the forces acting on the
foil, are the vorticity equation and the Poisson equation. The vor-
ticity and velocity fields as well as the forces acting on the foil are
determined numerically following a procedure which makes use
of a spectral method and finite difference approximations. To fa-
cilitate the numerical computations, the problem is first written
in the non-inertial reference frame (X∗, Y ∗) which moves with the
foil. Moreover, to simplify the forcing of the no slip condition along
the foil surface, we introduce first a conformal mapping such that
the section of the foil is transformed in a circle and then a po-
lar coordinate system (r∗, θ). The pressure, which is required to
determine the force and the torque acting on the foil, is not cal-
culated explicitly in the vorticity-stream function formulation and
it is obtained by means of the momentum equation integrated
along the foil surface. We omit, for the sake of brevity, the de-
scription of the numerical procedure, which is that employed by
[10,11]. The interested reader can find the details of the numerical
approach and a description of the tests made to ascertain the relia-
bility and accuracy of the numerical code in the above papers. The
results described in the following have been obtained using differ-
ent numbers Nr and Nθ of grid points in the r- and θ -directions
respectively and different values of the time step �t∗ . Moreover,
different sizes of the computational box have been used. The stan-
dard runs have been made with Nr = 650, Nθ = 1024 and a radius
of the computational box equal to 5 foil chords. The reader should
take into account that the radial coordinate has been stretched
to cluster the grid points close to the foil surface where the ve-
locity gradients are higher. Finally, the time step �t∗ has been
fixed equal to 10−4 the duration of the manoeuvre. Then, to as-
certain that the results do not depend on the values of Nr , Nθ and
�t , some of the runs have been repeated doubling the number of
points and halving the time step. Moreover, by repeating some of
the runs using a radius of computational box equal to 9 chords, it
has been checked that the results do not depend on the size of the
numerical domain.

3. Validation of the model

As already pointed out, the numerical code used in the present
investigation was validated by comparing the numerical results
with the experimental data of [3], who measured the velocity field
generated by an oscillating foil by using the Particle Image Ve-
locimetry (P.I.V.). This comparison, described in Guglielmini and
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Fig. 2. Horizontal force F ∗
x (continuous line) acting on the foil during its excursion

with angle α(t) (broken line). Results of a numerical simulation carried out for val-
ues of the parameters similar to those of the experiment of [2]. The results are
dimensional and can be compared with [2]’s Fig. 4, reproduced in Fig. 3.

Fig. 3. Horizontal force F ∗
x (continuous line) acting on the foil during its excursion

with angle α(t) (broken line). Sketch of the experimental results as they appear in
Fig. 4 of [2].

Fig. 4. Vertical force F ∗
y and torque M∗

z acting on the foil during its rotation. The
parameters are those of the experiment of [2]. The results are dimensional.

Blondeaux [11], shows that the code can reproduce the dynam-
ics of the vortex structures shed by the foil both qualitatively and
quantitatively. Moreover the code appears to provide an accurate
estimate of the forces acting on the foil.

To provide further support to the reliability of the code and to
investigate its performances in the simulation of the flow gener-
ated by an aperiodic motion of the foil, an attempt to reproduce
the laboratory experiments of Ahlborn et al. [1] is made. In the ex-
periments, a rectangular foil of submerged height equal to 15 cm
and chord c∗ equal to 5 cm simulates a fish tail. The foil rotates
around its leading edge and it does not exhibit any heaving mo-
tion. Therefore, we force h∗

0(t
∗) to vanish and we fix d∗ = c∗/2.

Finally, the value of α is provided by

α(t∗) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 for t∗ < 0
f1(t∗) for 0 < t∗ < T ∗

r
αmax for T ∗

r < t∗ < T ∗
r + T ∗

e
f2(t∗) for T ∗

r + T ∗
e < t∗ < T ∗

0 for t∗ > T ∗

(1)

where T ∗
r is the duration of both the counter-clockwise and clock-

wise rotations, T ∗
e is the time spent by the foil at its maximum

rotation and T ∗ = 2T ∗
r + T ∗

e is the total duration of the manoeu-
vre. The functions f1 and f2 are fifth order polynomial functions
chosen by forcing α(t∗) and its first and second derivatives to be
continuous at t∗ = 0, T ∗

r and at t∗ = T ∗
r + T ∗

e , T ∗ . Notwithstanding
the main parameters of the laboratory experiments are reproduced
in the numerical experiments, discrepancies between the exper-
imental measurements and the numerical results are expected to
be present. Indeed, even though [1] introduced some tricks to limit
three-dimensional effects in the experimental apparatus, it is un-
avoidable that the finite span of the foil used in the laboratory ex-
periments and its interaction with the free surface and the bottom
of the tank induced parasitic vorticity components which cause
a significant decrease of the propulsive force and hence a damp-
ing of the force peaks with respect to the numerical model, which
is strictly two-dimensional. In the two-dimensional approximation,
the two counter-rotating vortices shed by the trailing edge during
its counter-clockwise and clockwise motions keep separate. On the
contrary the flow visualizations of [9], who visualized the vortex
structures shed by a foil of finite span which is rotated around its
leading edge up to an angle of 30◦ in 0.25 s and then rotated back
to 0◦ at t = 0.5 s while moving with a constant forward velocity,
show that the vortex structures shed by the trailing edge during its
upward and downward motions give rise to a unique vortex ring,
being connected by the vorticity shed by the foil tips. Moreover,
further quantitative differences between the experimental and nu-
merical results might be introduced by the different geometry of
the section of the experimental and numerical foils. In particular,
the possible different shape of the trailing edge might induce a
different spatial distributions of the vorticity shed by the foil and
hence a different dynamics of the vortex structures in the wake of
the rotating foil. Finally, even though the rotation (1) of the foil
in the numerical simulations is chosen to follow the gross features
of the data given by [1] (see Fig. 4 of [1]), it is unavoidable that
differences are present between the kinematics of the foil in lab-
oratory and in numerical experiments, in particular if the angular
velocities and accelerations are considered. Indeed, [1] do not pro-
vide the function α(t∗) (see Eq. (1)) but only a sketch of its time
development, so that, while the values of α(t∗) can be reasonably
estimated, the correct evaluation of dα/dt∗ and d2α/dt∗2 is much
more difficult.

Therefore, if Fig. 2, where the thrust force obtained by the nu-
merical code is plotted versus time for αmax = −45◦ , T ∗

r = 0.18 s,
T ∗

e = 0.55 s, T ∗ = 0.91 s, is compared with Fig. 4 of [1] (see also
the sketch drawn in Fig. 3), differences are present, even though
the gross features of the phenomenon are reproduced. In fact, both
the numerical simulation and the experimental measurements re-
veal the distinct phases already described in the introduction: a
negative precursor as the tail rotates counter-clockwise, a gradu-
ally increasing thrust, a spike as the tail returns towards its rest
position and a gradual decay of the thrust to zero after the tail mo-
tion is stopped. However, for the reasons previously described, the
numerical simulation gives rise to larger values of the force act-
ing on the foil both during the negative phase of the manoeuvre
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Fig. 5. Vorticity fields at t∗ = 0.272 s, t∗ = 0.343 s, t∗ = 0.486 s, t∗ = 0.63 s, t∗ = 0.873 s, t∗ = 0.917 s, t∗ = 1.06 s, t∗ = 1.2 s. The parameters are those of the experiment
of [2].
and when the foil generates a positive thrust. Moreover, the peak
of the negative precursor force in [1] occurs right after t∗ = T ∗

r ,
whereas it takes place before t∗ = T ∗

r in Fig. 2. Similarly, the pos-
itive peak force in [1] occurs after t∗ = T ∗ whereas it is before
t∗ = T in Fig. 2. Finally, after the first positive peak, significant
fluctuations bring to vanishing values of the thrust, while the ex-
perimental measurements display a plateau at a non-zero thrust.

As already pointed out, the numerical ‘experiments’ allow the
measurement and analysis of many other quantities. In Fig. 4 the
transverse force F ∗

y acting on the foil is plotted versus time along
with the torque M∗

z . The results show that a sideways reaction
force is present both during the upward rotation and the down-
ward rotation, even though the average value almost vanishes. The
evaluation of the force acting on the foil is made after the pressure
p∗ is computed from momentum equation. Then, the integration of
the pressure and the viscous stresses on the foil surface provides
the force components F ∗

x and F ∗
y . Because of this procedure, it is

not possible to separate the different contributions to the force
usually identified in the text books (e.g. drag force, added mass
force, . . . ). Fig. 5 shows the time development of the vortex struc-
tures shed by the foil. Just after the start of the upward rotation,
a clockwise rotating vortex begins to develop at the moving edge
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Fig. 6. Propulsive force Fx acting on the foil during a rotation defined by the kine-
matics (1), for different values of the Reynolds number. Te = 0, αmax = −30◦ .

Fig. 7. Dimensionless impulse I acting on the foil for different values of the Reynolds
number and Te = 0, αmax = −30◦ .

of the foil (see Fig. 5(a)). Later on, further vorticity is shed by the
edge of the foil and the size of the vortex increases. A Helmholtz
instability of the free shear layer which leaves the foil can be ob-
served (5(b)). Then the foil stops and the clockwise rotating vortex
induces a flow field which causes flow separation from the edge of
the foil and the formation of a counter-clockwise rotating vortex
(5(c)). This vortex couples with the previous one and gives rise to
a vortex pair which moves far from the foil because of the self
induced velocity (5(d)). Simultaneously, a jet of fluid is created
and a propulsive force appears. Then the vortices decay because of
the viscous effects and the foil starts its downward rotation (5(e)).
A counter-clockwise vortex is generated (5(f), (g)) which gives rise
to a new clockwise vortex and a new vortex pair when the foil
stops (5(h)). Small vortices are also shed by the opposite edge of
the foil which does not move significantly, but they are very weak
and do not give rise to any relevant force.

Notwithstanding the quantitative differences between the nu-
merical results and the laboratory measurements previously dis-
cussed, the present model seems to capture the main features of
the phenomenon and it can be fairly used to investigate how the
parameters of the problem affect the results. Indeed, further com-
parisons between the numerical results and the laboratory data
by [3], which are described in [11], support the reliability and ac-
curacy of the numerical code.
4. Discussion of the results

If the problem is made dimensionless using the chord c∗ of
the foil as length scale, the duration 2T ∗

r of the counter-clockwise
and clockwise rotations as time scale and c∗/2T ∗

r as character-
istic velocity of the phenomenon, a simple dimensional analysis
shows that the propulsive force depends only on the maximum
angle of rotation αmax and on the Reynolds number Re defined
as Re = c∗2/(2ν∗T ∗

r ) (ν∗ is the kinematic viscosity of the fluid),
beside the details of the kinematics of the foil. In practical applica-
tions, the values of the Reynolds number turn out to be large and
viscous effects are confined within the thin boundary layers which
are generated along the foil surface by the no-slip condition. Then,
the vorticity is shed in the free stream because the boundary layers
leave the foil, as free shear layers, at the edges of the foil where
the external flow strongly decelerates. Eventually, the free shear
layers give rise to large vortex structures whose dynamics is essen-
tially inviscid. Therefore, the Reynolds number is expected to play
only a minor role in the phenomenon. This fact is confirmed by the
results shown in Fig. 6, where the dimensionless propulsive force
per unit width Fx = F ∗

x ρ
∗c∗3/(2T ∗

r )2 is plotted versus time for the
same kinematics of the foil, such that Te = 0 and αmax = −30◦ , but
for different values of the Reynolds number. Indeed, the values of
Fx significantly change only when the Reynolds number is smaller
than 1000, but they are practically constant for larger values. This
finding is summarized in Fig. 7, where the dimensionless im-
pulse per unit width I = ∫ T

0 Fx(t)dt = ∫ T ∗
0 F ∗

x (t∗)dt∗/(ρ∗c∗3/2T ∗
r )

is plotted versus the Reynolds number.
The propulsive performance of a fast start can be evaluated

by quantifying various distance-time parameters (for example, dis-
tance traveled within a given time, mean and maximum forward
velocity, . . . ). In the present work, the propulsive force F ∗

T x induced
by the foil motion is used to move a fish body which is supposed
to be characterized by a given volume V ∗ , a section A∗ and fixed
values of the added mass cM and drag cD coefficients. Therefore,
the propulsive force, which is opposed by drag and added mass
forces, gives rise to the motion of the fish described by

ρ∗(1 + cM)V ∗ d2x∗
m

dt∗2
+ 1

2
ρ∗ A∗cD

dx∗
m

dt∗

∣∣∣∣
dx∗

m

dt∗

∣∣∣∣ = F ∗
T x, (2)

where x∗
m is the displacement of the fish, the averaged density

of which is supposed to be equal to that (ρ∗) of the water. The
numerical integration of (2), performed simultaneously with the
evaluation of the propulsive force F ∗

T x = F ∗
x S generated by the os-

cillating tail (whose span width S∗ is presently assumed equal to
4c∗), allows to compute the dynamics of the fish and in particular
the useful work exploited by the foil W ∗

u and the input work W ∗
d .

The former quantity is defined by
∫ t∗

0 F ∗
T x(dx∗

m/dτ ∗)dτ ∗ while the

latter turns out to be
∫ t∗

0 F ∗
T y(dh∗

0/dτ ∗)dτ ∗ + ∫ t∗
0 M∗

T z(dα/dτ ∗)τ ∗ ,
where M∗

T z is the torque acting on the foil.
Hence, it is possible to compute the efficiency η = W ∗

u/W ∗
d of

the manoeuvre along with other interesting quantities like the ve-
locity of the fish. Ahlborn et al. [2] suggest that a stronger thrust
is generated if a small time interval elapses between the counter-
clockwise rotation and the clockwise one, i.e. if values of T ∗

e differ-
ent from zero are used. Therefore, a set of runs is made by fixing
the maximum angle of rotation αmax equal to −30◦ , the Reynolds
number equal to 2000 and changing the value of Te = T ∗

e /2T ∗
r .

Moreover, having in mind a medium size fish, (1 + cm)V ∗/c∗2 is
set equal to 25 and cD A∗/(2c∗) equal to 5 even though differ-
ent choices of these values do not induce qualitative changes in
the obtained results. Fig. 8 shows the propulsive force Fx versus
time for 0 � Te � 0.5. After the counter-clockwise rotation, a posi-
tive, almost constant, value of the propulsive force can be observed
when the plate keeps its maximum rotation angle. The propulsive
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Fig. 8. Dimensionless force acting on the foil Fx . The foil motion is characterized by
Re � 2000 and the kinematics (1), where αmax = −30◦ and Te is varied between 0
and 0.5.

Fig. 9. Dimensionless impulse acting on the foil and final velocity of the body
propelled by the foil. The foil motion is characterized by Re � 2000 and the kine-
matics (1), where αmax = −30◦ and Te is varied between 0 and 0.5.

force is generated as a reaction to the jet of fluid created by a
vortex pair similar to that which appears in Figs. 5(c), 5(d). The
counter-clockwise rotating vortex becomes stronger during the foil
stop because of the flow induced close to the trailing edge by the
clockwise vortex generated during the upward rotation. However,
the propulsive force peak during the clockwise rotation decreases
when the value of Te is increased. The results are summarized
in Fig. 9, where the dimensionless impulse and the final veloc-
ity of the body propelled by the rotating foil are plotted versus
Te . The impulse and the final velocity increase as Te is decreased.
Therefore, it appears that there is no advantage to stop the foil mo-
tion for a short time interval between the counter-clockwise and
clockwise rotations of the foil. Moreover, the dimensional analy-
sis shows that the propulsive force and the final velocity achieved
by the fish are inversely proportional to the duration 2T ∗

r of the
manoeuvre and hence it would be convenient to perform the ma-
noeuvre in the shortest possible time. However, it is evident that
the finite muscular power of the fish sets a limit to 2T ∗

r .
It is also of interest to investigate the phenomenon by fixing the

kinematics of the foil and simulating different values of αmax. From
a qualitative point of view, only minor changes are present when
different values of αmax are considered. Indeed, Fig. 10, where the
propulsive force Fx is plotted versus time, shows that whatever
Fig. 10. Propulsive force Fx acting on the foil during its rotation, characterized by
the kinematics (1), where Te = 0 and αmax is varied between −10◦ and −85◦ .

value of αmax, there is an initial period during which a negative
force Fx is generated which, after having attained it maximum
value at about t = 0.25, decreases and reverses to become pos-
itive. During the clockwise rotation, the force is always positive.
From a qualitative point of view, it is worth pointing out that the
value of t , such that the force reverses its direction, slightly in-
creases with increasing values of αmax. Since the numerical model
can allow more complex manoeuvres of the fish tail, a further set
of runs is made allowing both a heaving and a pitching motion,
i.e. making more realistic simulations of the actual kinematics of a
fish tail. In particular, to mimic the kinematics of a fish tail during
both C and S starts, the following relations are used

h(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0
g1(t)
h0 sinπt
g2(t)
0

α(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 for t < 0
f1(t) for 0 < t < Tr

αmax sin(πt + ϕ) for Tr < t < 1 − Tr

f2(t) for 1 − Tr < t < 1
0 for t > 1

(3)

in which the chord c∗ of the foil is the length scale and the whole
duration T ∗ of the manoeuvre is the time scale. The functions f1,
f2, g1, g2 are fifth order polynomial functions such that α and
h turn out to be continuous along with their first and second
derivatives. The values of both h0 and αmax are inferred from the
sketches drawn in Domenici and Blake [6]. Indeed, the oscillations
of the peduncle of a fish tail give rise to a transverse motion of the
whole tail. To give to the reader an idea of the tail kinematics, its
position is shown in Fig. 11 in a fixed reference frame, superim-
posing the forward motion of the fish. As already discussed, since
the Reynolds number assumes large values, the dynamics of the
vortex structures shed by the foil is essentially inviscid. Moreover,
because separation takes place at the leading and trailing edges of
the foil and its location does not depend on the Reynolds number,
the values of Re have no great influence on the results, which are
affected by the amplitudes αmax and h0 of the angular and trans-
verse oscillations, by the phase angle ϕ and by the value of Tr .
The minor role of the Reynolds number in the phenomenon is con-
firmed by the results shown in Fig. 12, where the impulse I and
the final velocity ẋm of the fish body are plotted versus Re, where
Re = c∗2/(ν∗T ∗). Indeed, the values of both I and ẋm do not show
any appreciable variation when different values of the Reynolds
number are considered.
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Fig. 11. Position of the foil during a fast start manoeuvre characterized by the kine-
matics (3), taking into account the induced forwards motion of the fish. The elapsed
time between successive positions is one tenth of the whole duration of the ma-
noeuvre. The body moves from right to left.

Fig. 12. Dimensionless impulse I associated to the propulsive force Fx acting on the
foil and final velocity ẋm of the body propelled by the foil for various values of
the Reynolds number. The foil motion is characterized by the kinematics (3) with
αmax = 35◦ , h0 = 1.25, ϕ = 90◦ and Tr = 0.127.

Fig. 13. Dimensionless impulse I acting on the foil and efficiency ηP for different
values of the amplitude αmax of the angular oscillations. The foil motion is charac-
terized by the kinematics (3) with Re = 20.4, h0 = 2.5, ϕ = 90◦ and Tr = 0.127.

Fig. 14. Final dimensionless displacement xm of the body propelled by the foil for
different values of the amplitude αmax of the angular oscillation. The foil motion
is characterized by the kinematics (3) with Re = 20.4, h0 = 2.5, ϕ = 90◦ and Tr =
0.127.

Fig. 15. Dimensionless propulsive force Fx acting on the foil which moves accord-
ingly to the kinematics (3), for three cases: (1) Re = 163, αmax = 35◦ , h0 = 1.25,
ϕ = 90◦ , Tr = 0.127; (2) Re = 20.4, αmax = 75◦ , h0 = 2.5, ϕ = 90◦ , Tr = 0.127;
(3) Re = 11.6, αmax = 35◦ , h0 = 4.375, ϕ = 90◦ , Tr = 0.127.

Fig. 13 shows the impulse and the efficiency as function of the
angle αmax. The results suggest that during a fast start, the kine-
matics of which is described by (2), the tail of a fish provides the
maximum thrust and the maximum efficiency when the maximum
rotation angle ranges between 60◦ and 80◦ , which are values in
some cases displayed by the sketches of [6], who analyzed the
strike pattern in a pike and in an angelfish. As already pointed out,
the propulsive performances of a fast start can be evaluated by
quantifying various distance-time parameters. If the distance trav-
eled by the body is considered (see Fig. 14) the optimal manoeuvre
is that characterized by a value of αmax close to 45◦ . Hence, the
goal of the manoeuvre (maximum impulse, maximum final veloc-
ity, maximum distance) should be carefully selected.

It is interesting to analyze the time development of the propul-
sive force, per unit width of the foil, which is shown in Fig. 15
for some of the numerical simulations. Indeed, the rotation of the
foil coupled with its transverse motion makes the negative precur-
sor disappear and the x-component of the force turns out to be
positive during almost the whole manoeuvre. An example of the
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Fig. 16. Vorticity fields at t = 0.127, t = 0.318, t = 0.48, t = 0.64, t = 0.8, t = 0.95, for Re = 11.6, αmax = 35◦ , h0 = 4.375, ϕ = 90◦ , Tr = 0.127 (case 3 of Fig. 15)
vorticity fields during the manoeuvre of the heaving and pitching
foil is displayed in Fig. 16. Comparing Fig. 16 with Fig. 5, where the
vorticity fields are displayed for a foil which rotates only, the main
difference is due to the large vortex structure shed by the leading
edge, which are absent in the results for the rotating foil. More-
over, Fig. 16 shows that the counter-clockwise rotating vortex shed
by the leading edge subsequently merges with the positive vortic-
ity shed by the trailing edge thus originating a unique counter-
clockwise vortex structure. In the meanwhile, the clockwise rotat-
ing vortex generated by the trailing edge from the beginning of the
foil motion moves away from the foil and further negative vortic-
ity is shed by the leading edge during the downward motion of the
foil. Fig. 17 shows the pressure distribution along the foil surface
during the first part of the manoeuvre for both the cases consid-
ered in Figs. 5 and 16. When the foil rotates only, the negative
force which appears at the beginning of the manoeuvre is due to
the larger values of the pressure distribution along the upper part
of the foil with respect to those appearing along the lower part
of the foil (the reader should note that the angle θ is zero at the
trailing edge and it is positive in the counter-clock wise direction)
and to the negative angle of the foil with respect to the required
direction of motion. Then the pressure difference between the up-
per and lower surfaces of the foil decreases and this leads to a
decrease of the resistance force. A similar pressure distribution is
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Fig. 17. Pressure distribution along the foil surface during its rotation up to the
maximum angle. In the top figure the dimensional pressure is plotted when the
parameters are those of the experiment of [2], like in Figs. 2–5; in the bottom fig-
ure the dimensionless pressure is plotted for Re = 11.6, αmax = 35◦ , h0 = 4.375,
ϕ = 90◦ , Tr = 0.127 (case 3 of Fig. 15).

found for the heaving and pitching foil but the positive rotation of
the foil gives rise to a propulsive force. In the top panel of Fig. 17,
t∗ is the dimensional time which appears also in Fig. 2. Hence
t∗ = 0.23 s is just after the start of the manoeuvre and t∗ = 0.58 s
is during the foil stop at the maximum angle. In the lower panel
of Fig. 17, the dimensionless time is given which also appears in
Fig. 15.

The identification of the optimal value of h0 is not simple.
Indeed, even though the efficiency of the manoeuvre displays a
relative maximum as h0 is increased, the impulse and the final ve-
locity monotonically increase when h0 are increased (see Fig. 18).
Similarly the impulse and the fish velocity increase monotonically
as Tr is decreased (see Fig. 19). The need of a rapid start to es-
cape from a predator or to perform a rapid attack to get the food
for survival suggests a manoeuvre characterized by a high value of
h0 and a very short time Tr . However, geometrical constraints and
the large peaks of the force which is necessary to generate the tail
movements limit the values of h0 and Tr .

5. Conclusions

The flow field generated by an aperiodic rigid body motion of
a foil is investigated by means of numerical experiments. The in-
vestigation is carried out to gain information on the efficiency of a
flapping foil to manoeuvre underwater vehicles.
Fig. 18. Dimensionless impulse I and final velocity ẋm of the body propelled by
the foil for various values of the amplitude h0 of the transverse oscillations. The
foil motion is characterized by the kinematics (3) with αmax = 35◦ , ϕ = 90◦ and
Tr = 0.127. The Reynolds number Re is inversely proportional to h0.

Fig. 19. Dimensionless impulse I associated to the propulsive force Fx acting on the
foil and final velocity ẋm of the body propelled by the foil for various values of
the time Tr , during which the foil reaches the maximum angle of rotation. The foil
motion is characterized by the kinematics (3) with Re = 40.7, αmax = 35◦ , ϕ = 90◦
and h0 = 1.27.

The numerical approach, which was previously supported by a
comparison between its predictions and the experimental mea-
surements of [3], is further tested by comparing the computed
force with the data obtained by [2], who measured the propul-
sive force generated by a rotating plate which simulates the tail
of a fish performing a fast start. Then, numerical simulations are
made both for a foil which rotates around its leading edge and
for a pitching and heaving foil. The obtained results show that
some characteristics of the kinematics of the foil can be chosen to
maximize the propulsive force. However, the force monotonically
increases when the amplitude of the lateral motion of the foil is
increased and the duration of the manoeuvre is decreased.

Even though the rigid body motion of the foil is chosen to
mimic a fish tail during a fast start, the foil should be consid-
ered only as a first order approximation of a fish tail, which is
observed to deform in real life. Therefore, the investigation helps to
understand the basic mechanism through which fish achieve high
acceleration during fast starts, but quantitative differences are ex-
pected to be present between the computed flow and the actual
one, which is also significantly affected by the finite span of fish
tails.
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